Joe Dinius MATH 534A
HW 4 November 16, 2009

1. Let (z,y) = 2?21 2%y’ denote the usual inner product on R™ and suppose that A is a

real symmetric n x n matrix. Let Q(x) = (x, Ax) denote the quadratic form associated
with the matrix A defined for z € R™.

(a) Let g(z) denote the restriction of Q(x) to z € S™! the unit sphere. Show that the
critical points for g(z) on S™~! are the eigenvectors for A (use Lagrange multipliers).

Solution. Since A is real symmetric, it can be factored
A= RAR"

where the columns of R, a unitary matrix, are the eigenvectors of A, A a diagonal
matrix whose entries are the eigenvalues of A. Now, the quadratic form @ is

Q(z) = 2"RAR"x
= 2" (RAR")z
= 2" RT"A"Rx
= (Rx)"A(Rx)
= y' Ay
= Z)\zyf

i=1

Now, dg,(v) = dQ,(v) for v € T,S"!. To find the critical points for ¢, consider

dQp(v) = A(p, v)

for p € S" ! and v € T,R".

dQp(v) =2 Z Aiyiv; = A Zpivi-
i=1 i=1

Whatever A is, the p; are determined by the y;, which are the components of the
eigenvectors of A, by the definition y = Rz, the projection of x onto the eigenspace of
A.

Therefore, the critical points of ¢ are the eigenvectors of A.

(b) The gradient vector field Vg associated with the function ¢ on S"! is the vector
field on S™~! uniquely determined by the relation:

dg,(v) = (Vq,,v,), for all v € T,,5" 1.



The inner product (-,-), is just the inner product that 7,5""! has as a consequence
of being a subspace of T,R" ~ R™ with the inner product given above. Show that for
pesS,

qu = VQ;D - <VQp7p>p>
where V@), is defined by,
dQ,(v) = (Qp, v) where v € T,R"

Note that if p € S"7! is a critical point for ¢ then the vector field Vg is 0 at p and the
constant function x(t) = p is an integral curve for Vgq.

Solution. By definition,

dgy(v) = (Vp, v).
The goal is to extract everything from V@, that is orthogonal to T7,S"'. For v €
T,5" 1
dgy(v) = dQy(v) = (VQp, v).
Observe that, for points on S~ ! (p,v) = 0. Therefore, for p € S"~1, we have that

VQP - <p7 VQP>p

and subsequently

dgy(v) = <va — (p, VQp)p, v)

and
VQp - VQp - <p, va)]?-

(c) Suppose that t — =z(t) € S™ ! is an integral curve for the vector field —V¢q on
S™=1. Show that the function ¢ — ¢(z(t)) is a strictly decreasing function of ¢ unless
x(t) is an integral curve that just sits at one of the critical points of ¢q. Hint: look at
the derivative of t — ¢(x(t)). What are the values of the function ¢(z) at the critical
points x € S"! for ¢? Tt is not hard to see that as ¢ — +oo the integral curve x(t)
must tend to a zero of the vector field —Vg. What then are the possible limiting values
for q(x(t)) as t £ c0?

Solution.

d !
ECJ(x(f)) = dg@ey (@' (1) = (V@) —Vou))

= —(Vauw) V)
But, (V@ (), V@) = 0. Therefore,

d

%C]
At the critical points, Vg, = 0, and therefore the function is unchanging. At all
other points, the function ¢(x(t)) is decreasing.

(z(1)) <0

2



(d) Define a vector field X (p) on R™\ {0} by,

(VQp, p)p n
WforpeR \ {0}.

Show that if ¢t — x(¢) is an integral curve for the vector field X in R™\ {0}, that is,

X(p) = V@, —

dx
= X (1))

and x(0) € S™7!, then for all ¢, z(t) € S"'. Conclude that z(¢) is actually an integral
curve for Vg on S"1. Hint: calculate the derivative of (x(t), z(t)).

Solution. We need to show that the norm of x is unchanging in time. Therefore, if it
starts on the unit sphere, it stays on the unit sphere for all time. Consider

d :
(). a(®) = 202/(0),2(t))

= (VQuu) —
= 0

since the first entry in the inner product represents the portion of V(@) that is
orthogonal to z(t).

. Define e(f) = (cosf,sinf). Then e : R — S'. Fix , and define a curve in S' through
the point p = e(6y) by,

t — 6(00 + t)

The tangent vector at p € S! associated with this curve at ¢t = 0 is called (%)p. Show

that this vector does not depend on the choice of §; (more than one fy can represent
the same point p). Define a map 7 : R? — S! x S* by:

Let o, 3 be real numbers and define a vector field V on R? by,

Vip) = oz(%)erﬁ(%)p (1)

(a) Show that if F} is the one parameter flow associated with the vector field V' then
for any p € R?, mF;(p) is an integral curve for the vector field,

0 0
OZ% +ﬁa_¢7 (2)

defined on S! x St.



Solution. We need to evaluate 47 F;(p) at ¢ = 0:

d

aWFt(pNt:O = (

dm dFy(p) i
pTi— )|t:0 by Chain Rule

= (M) ()

dm 0 0
= (Eh:o) (OZ% + ﬁa_y)

Differentiating m and changing variables on differentiation yields

d 0 0
%WFt(p)‘tzo = 04%4‘58725

and therefore mF,(p) is an integral curve for the vector field.

(b) What conditions on «, § guarantee that all the integral curves of (2) are periodic
functions of ¢7

Solution. «, € Q guarantees that all integral curves of (2) are periodic in ¢. This
follows from the definition of periodicity

ot + P) = (1)

(c) Suppose that (a, ) = (M, N) where both M and N are integers. Fix the integral
curve, y(t) = (e(Mt),e(Nt)) for (2). Find all the integral curves of (1) which project
under 7 onto . Find the closest distance between any two distinct integral curves for
(1) which project onto 7.

Hint: the integral curves in question are lines t — tv + b; for different values of b;.
The distance between two such lines (with by and bs) is [(b; — ba, €)| where e is a unit
vector perpendicular to v. A little “number theory” is needed to finish up - look up
the Euclidean algorithm and the greatest common divisor if you get stuck (you might
also look at a small example).

Solution.

Remark: The reason to answer (c) is interesting is that the map 7 induces a diffeo-
morphism from R?/(27Z?) to S' x S'. A picture of the integral curve v in S! x S!
is obtained by looking at the intersection of all the lines in 7=!v with a “fundamental
domain” [0, 27) x [0, 27). The closer the images get to one another the more “densely”
does the integral curve wind around the torus.



